Abstract. Euler showed that there are infinitely many triangular numbers that are three times another triangular number. In general, as we prove, it is an easy consequence of the Pell equation that for a given square-free m > 1, the relation ∆ = m∆ is satisfied by infinitely many pairs of triangular numbers ∆, ∆ . However, due to the erratic behavior of the fundamental solution to the Pell equation, this problem is more difficult for more general polygonal numbers. We will show that if one solution exists, then infinitely many exist.
Introduction
For an integer ≥ 3, the r-th polygonal number or r-th -gonal number P ( , r), r ≥ 1, is defined by P ( , r) = ( − 2)r 2 − ( − 4)r P (3, 5) = 15 P (5, 4) = 22 It is an easy consequence of the Pell equation, as we show, that for any given square-free m > 1, the relation ∆ = m∆ is satisfied by infinitely many pairs of triangular numbers ∆ and ∆ . However, this is not true for higher -gonal numbers.
We will give an example such that P = mP has no solution in -gonal numbers (see Example 2) . Indeed, we will state a condition that, when satisfied, determines infinitely many solutions. We conjecture that no solutions exist when the stated condition fails.
In contrast, we also prove that, given m > n > 1, the simultaneous relations
have only finitely many possibilities, not just for triangular numbers but for triplets P , P , P of -gonal numbers for all ≥ 3 except when = 4 and m and n are both perfect squares. To this end, we use the theory of diophantine equations.
The Pell equation and polygonal numbers
The diophantine equations (after Diophantus of Alexandria, a third century AD Greek mathematician and the author of a series of books called Arithmetica) are polynomial equations with integer coefficients. The solutions sought are integers or sometimes rationals. One of the most famous diophantine equations is the so-called Pell equation.
(1)
Because the square factors of m can be absorbed by y 2 , the integer m = 0 is generally assumed to be square-free. We will not assume this in this article. We only assume that m is not a perfect square. The Pell equation has a very long and rich history going at least as far back as Archimedes (cf. [6] , [9] , [15] ). His complicated "cattle problem" reduces to the Pell equation (1) with m = 4, 729, 494. Its first nontrivial solution (i.e. with y = 0) was found by computer search (cf. [9] ) not too long ago (in 1980).
If we write (1) as Finding the fundamental solution of (1) is still a very challenging problem, with no apparent pattern to it (cf. [14, 15] ). The most obvious way of finding it is to put y = 1, 2, 3, . . . Table 2 shows the erratic behavior of the fundamental solution for certain integers.
Brahmagupta (598-670 AD), the first to solve the quadratic equation ax 2 + bx + c = 0 the way we do it today, Jayadeva (9th century AD), and Bhaskara II (1114-1185 AD) were the first to study the Pell equation systematically. They showed that (for m > 1) infinitely many solutions can be obtained from a given nontrivial equivalently, on finding the fundamental unit of a real quadratic field (cf. [6] , [16] ).
It is easy to check that the set G of integer solutions of (1) G is a cyclic group generated by the fundamental solution g = (x 1 , y 1 ).
, it is easy to see that the integers y 1 < y 2 < y 3 < · · · increase quadratically and soon y n is so large that 1/y 2 n is almost zero. Thus (x n /y n ) 2 is almost equal to m, giving a very good rational approximation to √ m.
Example. If m = 2, g = (x 1 , y 1 ) = (3, 2) and it takes less than a minute to compute by hand and see that (x 5 , y 5 ) = (3363, 2378). It is amazing that the approximation x 5 /y 5 = 3363/2378 to √ 2 is the same as given by a handheld calculator.
Triangular numbers.
As an application of the above discussion of the Pell equation, we prove the following generalization of Euler's work regarding which triangular numbers are three times some other triangular numbers.
Theorem 1. For a non-square integer m > 1, the equation
is satisfied by infinitely many triangular numbers ∆, ∆ .
Proof. We first remark that if the norm form equation 
Since the triangular numbers are the numbers ∆ = r(r+1) 2
, r = 1, 2, 3, . . ., the equation (3) is the same as
which again on completing squares is the same as
So we have to find infinitely many solutions of
with X, Y > 0 both odd. One such solution, namely (1, 1), is obvious; this, however, does not give us a solution to (3). But we can use this solution to find others.
If (x n , y n ) is a solution of the Pell equation (1), then it can be checked that x n , y n are of opposite parity (i.e. one odd the other even). Moreover, in case m is even, it is x n that is odd. Therefore, (X n , Y n ) = (x n , y n ) * (1, 1) = (x n + my n , x n + y n ) is a solution of (5) with both X n , Y n odd. Thus solutions of (3) can be obtained from (X n , Y n ) with n > 0.
Remark. There is another solution to (5) that will yield solutions to (3) different from those mentioned in the proof, namely (−1, 1) as we will see later. In fact for certain m (depending on the class number of m), one can show that these are the only solutions to (3).
Suppose a > b ≥ 1 are square-free integers which are mutually coprime. A slight modification of the above argument with m = ab in the Pell equation (1) yields the following stronger result. We omit its proof. 
2.2.
Generalization to -gonal numbers. Equation (3) becomes more interesting if ∆, ∆ in it are replaced by higher polygonal numbers resulting in the equation
with ≥ 5. In this more general setting, the existence of solutions of (6) depends on the existence of solutions of the Pell equation (1) satisfying certain congruence equations, which may or may not happen. In fact, whether the conditions are satisfied or not seems to happen randomly (cf. [2, 12] ). Before we describe these conditions, we need the following preparatory lemma. Proof. Since x 2 = 1 + my 2 and m ≥ 2 it is clear that x > y. Furthermore,
For every solution (x, y) to (1) with x > 0 and y > 0, we also have solutions (±x, ±y) in any combination of positive and negative. If we compose these solutions with (1, 1) we obtain (1, 1) * (±x, ±y) = (±x ± my, ±x ± y).
From the lemma, we see that only (x + my, x + y) has both entries positive. We 
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Theorem 3. Given m > 1 not a perfect square and ≥ 5 there exists a solution to (6) if there exists a solution to (1) with
x + my ≡ −1 (mod q)
Here q = 2 − 4, − 2, and /2 − 1 according as ≡ 1, 3 (mod 4), 2 (mod 4), and 0 (mod 4), resp. Moreover, if one solution exists, then there are infinitely many.
Proof. We consider only the case ≡ 1, 3 (mod 4). The other two cases are dealt with similarly. Writing exactly what the two sides of (6) stand for and completing squares, we obtain the generalized Pell equation One obvious solution to (9) is (X, Y ) = ( − 4, − 4). We may obtain further solutions by composing this solution with the solutions (x, y) of the Pell equation Based on the discussion above, we consider (−( − 4), − 4) also a solution to (9) . Composing with (x, y) we obtain
and
By Lemma 1, X, Y > 0. This leads to conditions (8) .
As soon as we have one solution (X 0 , Y 0 ) to (9) satisfying one of the stated congruence relations, we can find infinitely many solutions. In fact, the cyclic group of solutions to (1) modulo q becomes a finite cyclic group with identity the class of solutions to (1) with x ≡ 1 (mod q) and y ≡ 0 (mod q) (cf. [2] ). There are
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infinitely many such solutions. Let (x s , y s ) be such a solution with x s , y s > 0. Then
is a solution to (9) satisfying the required congruence relations.
Each of these yields a solution to (6) .
Remarks.
One can see from its proof, that the converse of Theorem 3 is also true if, for a
given m > 1, any two solutions to (3) are related by a unit (and therefore a solution to (1)). This is related to the class number problem. In this case, we can recover all polygonal numbers which satisfy (6) . This is the case, for example, with = 5, m = 2 as we will see in Example 1.
2. We can reformulate (7) (mod q). Only one of these is possible, and these are the only possibilities satisfying (7).
3. In [2, 12] the authors investigated G m,q , the group modulo q of solutions to (1).
It is a finite cyclic group and its order is denoted g m (q). Solutions to (7) are closely related to the order of this group. Indeed from the previous remark, we see that solutions to (7) correspond with elements of G m,q of order 2. Thus for example, we have no solutions to (7) if g m (q) is odd.
We now give some examples to show that the Equations (7) and (8) are often satisfied but not always. We emphasize we differentiate between solutions to (7) or (8) from the theorem and solutions to the original problem in (6) . When no solution to (7) or (8) exists, it does not imply the same about the original problem.
Verifying there are no solutions to (6) can be much more involved.
In the following examples, we focus mostly on solutions to (7) and (8), but in Example 2, we see in fact that there are no solutions to the original problem (6) .
Also in Example 1 we show that for certain choices of and m, Theorem 3 yields all solutions to (6).
Example 1. Consider = 5 (so q = 6). These correspond to pentagonal numbers.
For m = 2, the fundamental solution to (1) is (3, 2). This does not satisfy (7) or (8) . However if we look at powers of this fundamental solution, we see that the next solution is (17, 12), which satisfies (7) (7); however, the fundamental solution (7, 2) satisfies (8), and so we obtain infinitely many solutions in this case as well.
For m = 10, 11, 13, one can easily check that there are no solutions to (7) or (8) as set out in the theorem. Indeed, in the notation introduced in the Remark above, Neither of these solutions satisfies either (7) or (8) . Since (17, 12) is congruent to
(1, 0) (mod q), (i.e. g 2 (4) = 2) these are the only solutions we must consider. In fact we will now demonstrate that there are no hexagonal numbers which are twice another hexagonal number.
In this case, we look for solutions to
2 (mod q), which becomes does not necessarily mean there are no solutions to (6) for these choices of m.)
Elliptic Curves and Polygonal Numbers
In what follows, by an elliptic curve we mean a diophantine equation
with a, b, c, d in Z, d ≥ 1 and the right-hand side of (10) having no repeated root.
The rational solutions of (10), more precisely the set E(Q) of rational points on the elliptic curve E defined by (10) However, (10) may or may not have infinitely many rational solutions. In fact, both the cases are believed to occur with equal probability (cf. [13] ).
We now prove the following fact about polygonal numbers.
Theorem 5. Given ≥ 3 and m > n > 1 (m or n square-free in case = 4), there are only finitely many triplets r, s and t such that (11) P ( , r) = mP ( , s) = nP ( , t).
Proof. We assume = 4 (the trivial case). The relation (11) is the same as the diophantine equations itely many solutions to each of P (r, 5) = 3P (s, 5) and P (r, 5) = P (t, 5). However, following the proof of Theorem 5, finding simultaneous solutions to both can be reduced to finding integer pionts on the elliptic curve 2 4 3 4 Y 2 = X(X − 1)(X − 2).
Which can be rewritten as The pair of equations (18) defines an elliptic curve with its Weierstrass equation
